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PERSPECTIVE | INSIGHT

o Ln The other QFT
' b

Peter Hanggi and Peter Talkner

Fluctuation theorems go beyond the linear response regime to describe systems far from equilibrium.
But what happens to these theorems when we enter the quantum realm? The answers, it seems, are now
coming thick and fast.




Nonequilibrium aspects of
work and heat fluctuations



Equilibrium versus nonequilibrium processes

Isothermal quasistatic process:

e‘ﬂH(tO)/Z(to) e—BH(tf)/Z(tf)
quasi-
war |SYSTEM| stati vak |SYSTEM
AF =w = (w)

Non-equilibrium process:

H (to) Hity)

> Pts to(w) =7 pdf of work
to ts t




Hs(Mr)

Hsp

H(At) = Hs(Ae) + Hp + Hsi

0(ho) = e M) 1y (o)



Protocols: role of time-
dependence for work and heat

(?)




Aspects of work fluctutions:
classical case



INCLUSIVE VS. EXCLUSIVE VIEWPOINT

C. Jarzynski, C.R. Phys. 8 495 (2007)

H(z, A\t) = Ho(z) — A+ Q(2)

W = —/dtQt}\t
= H(z7,A\r) — H(z0, Xo)

Not necessarily of the textbook form [ d(displ.)x (force)

Wy = /thtQt
= Ho(z+) — Ho(zo) Ze = {H(z¢, \t); 2}

G.N. Bochkov and Yu. E. Kuzovlev JETP 45, 125 (1977)



GAUGE FREEDOM

H(z,t) = H(z.t) + g(t)
W' =W +g(r) - g(0)
AF' = AF + g(r) — g(0)

W, AF are gauge dependent: not true physical quantities

WARNING: be consistent! use same gauge to calculate W and

AF
(e PW'y = ¢ BAF — (e7PWy = e=PAF

The fluctuation theorem is gauge invariant !

Gauge: irrelevant for dynamics
crucial for ENERGY-HAMILTONIAN connection



GAUGE FREE vs. GAUGE DEPENDENT
EXPRESSIONS OF CLASSICAL WORK

H' = Ho(z) — A:Q(2) + 8(t)

Inclusive work:
W' = H'(z;,7) — H(20,0) , g-dependent
wehys — —/dtQt}\t . [D) gindependent
WP — W' — g(7) + g(0)
Exclusive work:

Wo = Ho(z-, Ar) — Ho(zo, Mo)
= /dt/\tQt , g-independent

Dissipated work:
Wiiss = H'(z7,7) — H'(20,0) — AF', g-independent
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FIXED gauge


INCLUSIVE, EXCLUSIVE and DISSIPATED
WORK

Weyis = W — AF (e PWais) =1

W, Wy, Wyjss are DISTINCT stochastic quantities

plx; Al # pol[x; A] # Paiss[x; Al

They coincide for cyclic protocols A\g = /\@

M.Campisi, P. Talkner and P. Hanggi, Phil. Trans. R. Soc. A 369, 291 (2011)
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 !! \lambda  =0 !!
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Work

Classical closed system:

w = H(z(r), (7)) = H(z.\(0))
- [ a0
0 t

_ /0 CaHEDAD) 5y

Note that a proper gauge must be used in order that the
Hamiltonian yields the energy.

Work characterizes a process; it comprises information from states
at distinct times. Hence it is not an observable.

The measurement of the quantum versions of power- and
energy-based work definitions requires different strategies.
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WORK IS NOT AN OBSERVABLE

P. Talkner et al. PRE 75 050102 (2007)

Work characterizes PROCESSES, not states!
(6W is not exact)

Work cannot be represented by a Hermitean operator W

ﬂ Wizo; \] — w = Ejy —E}°

- two-measurements

E}t =instantaneous eigenvalue: H(\;)[Y)t) = EXt|yp)t)



Aspects of quantum
work

Projective & generalized
measurements



1. TWO ENERGY MEASUREMENTS:
One at the beginning, the other at the end of the protocol yield
eigenvalues e,(0) and ey, (7) of H(A(0)) and H(\(T)).

w® = em(7) — e,(0) = fluctuation theorems.

2. POWER-BASED WORK:

Requires a continuous measurement of power.

E.g. for H(A\) = Ho + AQ, a continuous observation of the
generalized coordinate @ is required leading to a freezing of the
systems dynamics in an eigenstate of Q.

N

P _ ' T _ Q
WN*k_l)\(tk)qOékN_i_l bl ng&na

Fluctuation theorems hold only if [Hp, Q; = 0 or equivalently
[H(\(t)), H(A(s))] = 0 for all t,s € (0, 7).

Hence the equivalence of the power- and energy-based work
definitions for classical systems fails to hold in quantum mechanics.



3. “UNTOUCHED” WORK:

(w) = /dz[H(z(t),)\(t)) — H(z,(0))]p(2) valid !
(w) = Ti[H" (A(£)) — H(A(0))]p(0) 77

There is no operational definition of untouched work as a proper
random variable.

With untouched work it would be possible to extract energy from
quantum correlation and in particular from entanglement in

multipartite systems.

A. Allahverdyan, Phys. Rev. E 90, 032137 (2014).

K.V. Hovhannisyan, M. Perarnau-Llobet, M. Huber, A. Acin, Phys. Rev. Lett.
111, 240401 (2013).
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WAl = U o[\ H(Ae) U o[\l — H( o)
= HI(Ae) — H(No)

H
/ dt}\taHa)\(A
t







Probability of work

H(t)<Pn,)\(t) = en(t)@n,k(t)
Pa(t) = Z len (1)) (@na(t)]
A

Pn = Tr Pn(tO)p(tO)
= probability of being at energy e,(ty) at t = ty

pn =Pn(to)p(to) Pn(to)/pn
— state after measurement

pn(tf) :Utf,toanE::,to

p(min) = TrPm(tr)pn(tr)
= conditional probability of getting to energy e, (tr)




Probability of work

Prro(w) =D 6(w — [em(tr) — en(to)])p(m|n)pn




Characteristic function of work

th,to(u) = / dw eiuwptf,fo(w)

= Z efuem(tr) ’ue"(tO)Ter(tf)Utf,foantt,top"

= Z Tre" ) P (te) Ugy e ™M) pp Ut pn

_ Tre’”H"’(t")e—’“H(t")ﬁ(to)

= <eiuH(tf)e—iuH(to)>to
Hi(te) = UL, o H(te) U o,

= Pa(to)p(to)Pa(to),  plto) = p(to) <= [p(to), H(to)]

P. Talkner, P. Hanggi, M. Morillo, Phys. Rev. E 77, 051131 (2008)
P.Talkner, E. Lutz, P. Hanggi, Phys. Rev. E 75, 050102(R) (2007)
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Choose u = if3

<e_ﬂw> B /dw e_ﬁwpthfo(w)
= G0 (1) quantum
= Tre BHn(tr) gfH(t0) 7=1 ()= FH(10) Jarzynski
_ Tre—ﬁH(tf)/Z(tO) equality

= Z(tr)/Z(to)
_ o BAF







3. “UNTOUCHED” WORK:

(w) = /dz[H(z(t),)\(t)) — H(z,(0))]p(2) valid !@
(w) = Tr[H" (A(t)) — H(A(0))]p(0) 77

There is no operational definition of untouched work as a proper
random variable.

With untouched work it would be possible to extract energy from
quantum correlation and in particular from entanglement in

multipartite systems.

A. Allahverdyan, Phys. Rev. E 90, 032137 (2014).

K.V. Hovhannisyan, M. Perarnau-Llobet, M. Huber, A. Acin, Phys. Rev. Lett.
111, 240401 (2013).
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   !!  CLASSICAL !!


OPEN SYSTEMS

H (A (t)) m———— Hoyorpm (A (t) + Hpata + Hss




OPEN QUANTUM SYSTEM: WEAK
COUPLING

B

Hs(M) | Hsp H()\t) = HS()\t) + HB + HSB

o(No) = e—ﬁH(Ao)/Y()\O)

AE = E,éf — E,’,\0 system energy change
AEB = Ef — Ef =-Q bath energy change

PIAE, QN = > S[AE — Epy + E°N[Q + EZ — El1Pmyns[NPh,

m,n,p,v

p[AE, Q, )\]/v _ eﬁ(AE_Q_AFS) AFS o —/8_1 In ZS()\T)
p[—AE, —Q; A] Zs(o)
AE=w+Q plw, Q; /\]~ — Bw—AFs)
P. Talkner, M. Campisi, P. Hanggi, J.Stat.Mech. (2009) P02025



po = Z_l(to)e_ﬁ(HS(to)+HSB+HB) therm. eq. at tp

B
~ pl [1 _/ dﬂ/eﬂ’(HS(to)+HB)5HSBe—[3’(Hs(to)-i-HB)]
0

P = Z5 (1) g e A (01HH)

o= Pia(to)poPial(to)

= p§+ 0 ((5HE)?)

thf’,tcoz(u, v) = Trei(qu(tf)—vHﬁ(tf))e—i(uHS(to)—vHB)pg




Crooks theorem for energy and heat

Zs(t0) Gy O (u,v) = Zs(t) G e (—u + iB, —v — iB)

Pu(AE, Q) Zs(tr) sac-q) _ ,~B(aFs—AE+Q)
pto7ff(_AE7_Q) ZS(tO)

AE = Ejy — EJ°
Q=-AEP =—EJ +E?

w=AE-Q: work
M _ e bwrsw) Pio(W) _ sarw
pto,tf(_Q’ _W) pr()/7tf(_W)
pIE(Q, w)
ptfytO(Q‘W) = pto,tf(_Q’ - W)? Pt;, tg(Q’ ) W

P. Talkner, M. Campisi, and P. Hanggi, J. Stat. Mech. (2009) P02025.



Pt ,to(W| Q)

_ BQ—Bw
Pro.t;(—w| — Q) e
o) Tre—BHS (to) g~ BHE(tr)
e o
Zs(to)Zg
(e~ 7E) Tre—BHi(tr) g—BH®
e =
Zs(to)Zs

P. Talkner, M. Campisi and P. Hanggi, J. Stat. Mech. Theor. Exp. P02025
(2009).
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OPEN QUANTUM SYSTEM: STRONG
COUPLING

B

Hs(\) | Hsr H()\t) = HS()\t) + HSB + HB

w = EN — £ = work on total system=work on S

Y(\t) = Tre AHO) — partition function of total system
Y(/\ )

e PHs(M) — partition function of S

Fs(\t) = —/6’*1 In Z5(At) proper free energy of open system

plw; A\l Y(AT)EBW _ Z()‘T)eﬁw _ Bw-DFs)

pl-w; A Y(Xo) Z(Xo)
M. Campisi, P. Talkner, and P. Hanggi, Phys. Rev. Lett. 102 210401 (2009)




Free energy of a system strongly coupled to
an environment

Thermodynamic argument:
Fs=F—Fp
F total system free energy

Fg bare bath free energy.

With this form of free energy the three laws of thermodynamics
are fulfilled.

G.W. Ford, J.T. Lewis, R.F. O’Connell, Phys. Rev. Lett. 55, 2273 (1985);
P. Hanggi, G.L. Ingold, P. Talkner, New J. Phys. 10,115008 (2008);
G.L. Ingold, P. Hanggi, P. Talkner, Phys. Rev. E 79, 0611505 (2009).



Y(t)
Zs (t) = Z_B

—BHp
= Trge

/g =

where



pthtf(_W) B

Y(to)

(e7) =

Preto(W) oW Y(tr) _ oW Zs(tr) _ B(w—AFs)

Zs(to)

e PAFs



Quantum Hamiltonian of Mean Force

Y(t "
Zs(t) == # = Trse PH"(®)
B
h
where — B(Hs )+ Hss-+Hp)
% . 1 TrBe

H (t) = —E |n TrBe_IBHB

also

e_ﬁH*(t) TrBe_BH(t)
Zs(t) — Y()

M. Campisi, P. Talkner, P. Hianggi, Phys. Rev. Lett. 102, 210401 (2009).
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Aspects of quantum work

Peter Talkner!-? and Peter Hinggi'-?

! Institut fiir Physik, Universitit Augsburg, Universititsstrafie 1, D-86135 Augsburg, Germany
2[nstitute of Physics, University of Silesia, 40007 Katowice, Poland
3Nanosystems Initiative Munich, Schellingstrasse 4, D-80799 Miinchen, Germany
(Received 8 December 2015; published 23 February 2016)

Various approaches of defining and determining work performed on a quantum system are compared. Any
operational definition of work, however, must allow for two facts: first, that work characterizes a process rather
than an instantaneous state of a system and, second, that quantum systems are sensitive to the interactions
with a measurement apparatus. We compare different measurement scenarios on the basis of the resulting
postmeasurement states and the according probabilities for finding a particular work value. In particular, we
analyze a recently proposed work meter for the case of a Gaussian pointer state and compare it with the results
obtained by two projective and, alternatively, two Gaussian measurements. In the limit of a strong effective
measurement strength the work distribution of projective two energy measurements can be recovered. In the
opposite limit the average of work becomes independent of any measurement. Yet the fluctuations about this
value diverge. The performance of the work meter is illustrated by the example of a spin in a suddenly changing
magnetic field.


http://dx.doi.org/10.1103/PhysRevE.93.022131
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generalized energy
measurements



Generalized energy measurements

Positive operator valued measures (POVM) as generalized

measurements
projective POVM
M, M,, M,T, measurement operators

Zn Mnply Zn anMrt
TrM,poM, TrM,pM;)

NnoMn/Pn | pn = anMr];/Pn

Znn”:]]' Zn

measurement error:

MiM, =1

Ppm: unselectice pm state
pn = Prob(nin p)
pn: selective pm state
normalization

p(n|m) = TrM,N M /Te0,, = TeMIM,N,, /Tel

A measurement is ERROR-FREE if

p(n|m) = 6pm @
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It implies that:
  M_n =  |\psi_n><n| ,
  with  <\psi_n|\psi_n> = 1;
differen |\psi_n> need not be othogonal


Generalized measurements
In QM the measurement of an observable A in a state p
(i) assigns to A a real value a with probability p,
(i) transforms the state p of the system at the instant before the
measurement to a new state after the measurement:

= ¢a(p)/pa

The measurement operation ¢, : TC(H) — TC(H) is a linear,
positive and contractive map.
Hence |t can be represented as (K. Kraus, States, Effects and Operators, Springer 1983)

pm

ba(p) = Z M2pMz2T | M2 € B(H) : Kraus operators
(03

pa = Troa(p) : probability to find a
p(tT) =D pP"p=Y ¢a.(p(t)) : non-selective pm state
a
a a


hanggi
Hervorheben

hanggi
Hervorheben

hanggi
Hervorheben


Generalized measurement of work

Work is not an observable, hence it cannot be measured by a
projective measurement but by a generalized measurement.

Based on two projective energy measurements the measurement of
work w is determined by the operation

za w—em()+€n(0))im(7) UnT1n(0)p(0)14(0) UL m(7)

Non-selective post-measurement state

p(0F) = Z” 7)UnT1(0)p(0)M14(0) UX Mim(7)
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Work statistics with generalized measurements

AN={A0<t<7h  HA1)) =22, en(t)a(t)

When the state of the system is inquired with measurement
operators Mp(t), the joint probability of finding n and at
the end of the protocol m is given by

pa(m, n) = TrMp,(7)U(A) p(0)a Ut(n M)

The pdf of work:

Z d(w — em(T) + en(0))pa(m, n)

The characteristic function:

Ga(u) = Z7H0)TrUT (M) Q(u, T)U(A)R(u, 0)
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Ga(u) = Z7H(0)TrUT(A)Q(u, T)U(A)R(u, 0)
= Z e™er (I ML (£)Mim (1)
Ze iven(t) p, (£)ePHOO) A (1)
The Crooks relation holds iff
TrUT (N Q(u, 7)U(N)R(u,0) = TrUT(A)R(—u + iB)U(N) Q(—u + i, 0)

Condition on the measurement operators Mp(t), t =0, 7.
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Universal measurements

A universal energy measurement operator M,(t) identifies the
eigenstate |n, t) of H(A(t)), t =0, 7. Further, it is independent of

(i) the protocol A
(ii) eigenvalues e, (0) and ex(7)
(iii) the inverse temperature

Choose as protocol:

suddenly at t=0" suddenly at t=7"
fr— fr—

H(A(0)) Gn/T

G: arbitrary Hamiltonian, n > 0,
then U(A) = e="¢"/" can become any unitary operator.

H(A(7))

TrUT(A)Q(u, 7)U(AN)R(u,0)=TrUT(A)R(—u + iB, 7)U(N)Q(—u + if3,0)
for all unitary U(A) implies for universal measurements (i)

Q(u,t) =R(—u+ip,t) t=0,7
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o< Om, k because of (iii)

3 een®) | Mt () Min(£) — S ePlentD=el®) (R ()M (1) | =0
- k

because of (ii)

hence, (a) for m # k
p(mlk) = TeMp ()N M) =0

therefore M, (t) is an error-free measurement and thus
Mp(t) = |n(t)){(n; t]. (b) the m = k terms yield

M (£)Min(t) = Men()Tim(£)M(£)
|mit) @m(E)[om(E))(mit]  [m())(mit|mit) (m(t)
yields [1,(t)) = |n; t) and hence
My(t) =Mu(t), t=0,7

The Crooks relation holds for universal energy measurement
operators only if they are projective.
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Quantum Jarzynski equality

The Jarzynski equality holds for systems with infinite-dimensional
Hilbert space and for universal measurement operators iff

(i) Mn(0) is error-free (p(n'[n) = d,.n), Ma(0) = |105(0))(n; 0
(i) {|vn(0))} form a complete orthonormal basis, i.e.
(¥n(0)|9x(0)) = Gpk and 3=, [1hn)(¥n| = 1

(iii) TrMb (1) My () = 1

P. Hanggi and P. Talkner, Nature Phys. 11, 108 (2015).
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Measurements during the protocol

Measurements of arbitrary observables during the force protocol
lead to modified work distributions which still obey the Crooks
relation as long as the corresponding measurement operators M, of
the time reversed process are determined by the time-reversed
adjoint measurement operators M, forward process.

M, = oM]ot

This implies that the measurement operators generate unital maps,
> MM =1
X

which also is necessary and sufficient for the Jarzynski equality to

hold.
M. Campisi, P. Talkner, P. Hinggi, Phys. Rev. Lett. 102, 210401 (2009).

G. Watanabe, B.P. Venkatesh, P. Talkner, M.Campisi, P. Hanggi, Phys. Rev. E
89, 032114 (2014).
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Continuous energy measurements

Gaussian energy measurement

Me(t) = s 9 (2 (HO(D) - £
ML(t) = Mg(t)
Gaussian failure distribution:
pe(El) = TIME(D)N4(1)
1

- e (5atentt) - £2)

with variance p? which is independent of n.
Pdf to find the energy E’ at the end of the protocol A conditioned
on E in the beginning

PA(E'|E) = TrM/ (1) U(A) Mg (0)pAME(0) U'(A)
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von Neumann model of generalized energy

measurement

p ® o initial state of system and pointer

V = e *HP/h. system-pointer interaction
H =73", €l,: system Hamiltonian

P: pointer-momentum, conjugate to
pointer-position X

M: projective measurement of the pointer-
position X

dx(p) =Trp) Vp@ o V! operation
= Z o(x — ke, x — Key ) Mppl,y
n,n

o(x,y) = {x|oly)
px = dx(p)/pM (%) post-measurement state

P(l)(X) = Trsox(p) pdf to measure x
= Za(x — Ken, x — kep) TrsMup
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Work operation and pdf

o (p(0)) = / dEd>‘EQW(UA¢f_3)(p(0))U/T\)

Z —ﬁ[(em(T)—em/(T))2+(en(0)_em(o))2]

47rae
m, m

nn

2
% e74i2 [W 1(Wmn+W 2 /)+I {X P} (Wmn W, /):|
e

X Mm(T) UM, (O)pnnI(O)U*nml( )

~ s [en(0) ey OF
/72

2
2 [Wf;(Wm,n+wm,n,)fi%<en<0)—en/(o»]

Wm,n = em(T) - e,,(O)

pa(m, n, n") = TrMn(7) UnM,(0)p(0) M (0) UL M (7)

P (w) =

pa(m, n, n')
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Work meter

Device proposed by De Chiara, Roncaglia and Paz, (New J. Phys.
17, 035004 (2015)) gives work by a single measurement.

VOT _ oinH(A(0)P/n

VT — efinH()\(T))P/h

—_—t 7
6 T t

P: momentum conjugate to the pointer-position X = [ dx x Q,
Qx = [x)(x].
P2 (p(0)) = TrpQx V. UnV{ p(0) ® o Vo U

= Z 00(X — KWm,n, X — KW )[Tm(7) Ua,(0) p(0) M

n,n’

oo(x,y) = (xlooly) ,  Wmn = em(T) — en(0)
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Work meter

Device proposed by De Chiara, Roncaglia and Paz, (New J. Phys.
17, 035004 (2015)) gives work by a single measurement.

Vy = e~ inHAO)P/h

V. — ei"H@)P/h

P: momentum conjugate to the pointer-position X = [ dx x Q,
Qx = [x)(x].
$¥™(p(0)) = TrpQx V: Up Vop(0) ® o'V U}

= Z 00(X — KWm,n, X — KW )[Tm(7) Ua,(0) p(0) M

n,n’

oo(x,y) = (x|ooly) ,  Wmn = em(T) — en(0)
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Gaussian work meter

For a Gaussian pointer and the calibration x = kw we obtain

[wm,, W | e

)

\/27rag o

2
X e_ﬁ [W_%(W’"’"'i_wm’,n’)"" <{);hp}> (Wim,n =Wy )]

><”()U/\FI()() w(0)UAT i (7)

wm

(w) = Z 12 [en(0)—e, (0)]2
PA \/27r02

2
. e_é[W_;(Wm,nwmm,)_i%(enm)—en/(o»]

p/\(m7 n, n/)
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(2) accurate measurement: o2 — 0

With 02 =

Z e T 202 d[e/7 en’(o)]2

m, Hé /fOI’O'*)O

n,n

oL g [wen() 43 (en(0) ey (0) G (en(0) - en ()]’

/2702

—8(w—em(7)+en(0)) for 02—0
x pa(m,n,n")

(x?) 2 _ 12 _ :
>t —0also oy = 2 0; hence non-diagonal

contributions with n # n’ are suppressed and the remaining
Gaussian weights approach delta-functions.

PR (W) — pa(w) for 62 — 0
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(3) Weak measurement o2, — oo

2 [en(0)—e (O)2
e nd

1
m \/2mol

2
n,n’ — 1 for o7 ,—00

= 5ty W=ty )1 LD (e0(0) e (0))]

X e 2 pa(m, n,n')

K2 2

2
with 02 = Sl — 00 also 02 = ) — oo, In this limit

pr™(w) becomes Gaussian with mean value
(W) = TrH(A(T) Unp(0) U} — TrH(A(0))(0)

and diverging variance 2.

In contrast, in the accurate limit one obtains

ZTrH T)UAT(0)p(0)11,,(0) UL — TrH(A(0))p(0)
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Notiz
Wheeler-DeWitt  equation
!! Time plays NO ROLE !!


Conclusions

Generalized energy measurements lead to work distributions
which typically do not satisfy the Crooks relation relations.

Exceptions are error-free measurements protocol-dependent
post-measurement satisfying a detailed balance relation

Imposing only the JE poses a weaker requirement: 1st set of
measurements must be error-free with a complete orthogonal
set of post-measurement states and second measurements
must have with “effects” M;(0)M,(0) having unit trace.

Continuous measurements with Gaussian measurement
operators and constant variance obey modified fluctuation
relations with protocol-independent modifications.

Fluctuation relations continue to hold in presence of
measurements during the force protocol under mild conditions
on the measurement operators.
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Conclusions

Power-based work measurements do not yield meaningful
results for quantum systems.

For projective measurements the Crooks relation follows from
generalized detailed balance which holds if (i) the initial state
has Boltzmann-type diagonal matrix elements with respect to
the eigen-basis of the initial Hamiltonian and (ii) the
time-dependent Hamiltonian is time reversal invariant.

Continuous measurements with Gaussian measurement
operators and constant variance obey modified fluctuation
relations with protocol-independent modifications.

For a Gaussian pointer the De-Chiara-Roncaglia-Paz
“work-meter” yields qualitatively same results as with a two
Gaussian energy measurements but has higher precision.

In the limit of accurate measurements it yields the results of
projective energy measurements.

In the weak limit it yields the average of “untouched” work,
however, with divergent fluctuations.
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ENDE

FIN
THAT 'SIT




For non-degenerate energies, 1, = |n)(n|
Mo =" gkl
kI

with

p(n|m) = Z\gkm\z

M,, error-free:
Mp = [n)(n|

where |1p,) is a pure post-measurement state. {|¢,)} need neither
be orthogonal w.r.t. to different n, nor complete.

B.P. Venkatesh, G. Watanabe, P. Talkner, New J. Phys. 16, 015032 (2014).
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Work operation and pdf

@ (p(0)) = / dEd>‘EQW(UA¢f_3)(p(0))U/T\)

Z —ﬁ[(em(T)—em/(T))2+(en(0)_em(o))2]

47rae
m, m

nn

2
% e74i2 [W 1(Wmn+W 2 /)+I {X P} (Wmn W, /):|
e

X Mm(T) UM, (O)pnnf(O)U*nmf( )

~ o [en(0) ey OF
/72

2
2 [Wf;(Wm,n+wm,n,)fi%<en<0)—en/(o»]

Wm,n = em(T) - e,,(O)

pa(m, n, 1) = TrMn(7) UnM4(0)p(0) M (0) UL M (1)

P (w) =

pa(m, n, n')


hänggi
Hervorheben




