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Nonequilibrium aspects of
work and heat fluctuations



Equilibrium versus nonequilibrium processes

Isothermal quasistatic process:

e−βH(t0)/Z (t0)

BATH
β

SYSTEM
H(t0)

weak
contact

xx
xx
xxquasi-
xxstatic−−−→

e−βH(tf )/Z (tf )

BATH
β

SYSTEM
H(tf)

weak
contact

∆F = w = 〈w〉
Non-equilibrium process:

H(t0) H(tf)H(tf)

tt0 tf

ptf ,t0(w) =? pdf of work



OPEN QUANTUM SYSTEM: WEAK
COUPLING

β

HSBHS(λt) HB H(λt) = HS(λt) +HB +HSB

%(λ0) = e−βH(λ0)/Y (λ0)

∆E = Eλτm − Eλ0
n system energy change

∆EB = EB
µ − EB

ν = −Q bath energy change

p[∆E ,Q;λ] =
∑

m,n,µ,ν

δ[∆E − Eλτm + Eλ0
n ]δ[Q + EB

µ − EB
ν ]pmµ|nν [λ]p0

nν

p[∆E ,Q;λ]

p[−∆E ,−Q; λ̃]
= eβ(∆E−Q−∆FS ) ∆FS = −β−1 ln

ZS(λτ )

ZS(λ0)

∆E = w + Q
p[w ,Q;λ]

p[−w ,−Q; λ̃]
= eβ(w−∆FS )

P. Talkner, M. Campisi, P. Hänggi, J.Stat.Mech. (2009) P02025



Protocols: role of time‐
dependence for work and heat

(?)



Aspects of work fluctutions:
classical case



INCLUSIVE VS. EXCLUSIVE VIEWPOINT
C. Jarzynski, C.R. Phys. 8 495 (2007)

H(z, λt) = H0(z)− λtQ(z)

W = −
∫

dtQt λ̇t

= H(zτ , λτ )− H(z0, λ0)

Not necessarily of the textbook form
∫
d(displ.)× (force)

W0 =

∫
dtλtQ̇t

= H0(zτ )− H0(z0) żt = {H(zt , λt); z}

G.N. Bochkov and Yu. E. Kuzovlev JETP 45, 125 (1977)



GAUGE FREEDOM

H ′(z, t) = H(z, t) + g(t)

W ′ = W + g(τ)− g(0)

∆F ′ = ∆F + g(τ)− g(0)

W ,∆F are gauge dependent: not true physical quantities

WARNING: be consistent! use same gauge to calculate W and
∆F

〈e−βW ′〉 = e−β∆F ′ ⇐⇒ 〈e−βW 〉 = e−β∆F

The fluctuation theorem is gauge invariant !

Gauge: irrelevant for dynamics
crucial for ENERGY-HAMILTONIAN connection



GAUGE FREE vs. GAUGE DEPENDENT
EXPRESSIONS OF CLASSICAL WORK

H ′ = H0(z)− λtQ(z) + g(t)

Inclusive work:

W ′ = H ′(zτ , τ)− H ′(z0, 0) , g -dependent

W phys = −
∫

dtQt λ̇t , g -independent

W phys = W ′ − g(τ) + g(0)

Exclusive work:

W0 = H0(zτ , λτ )− H0(z0, λ0)

=

∫
dtλtQ̇t , g -independent

Dissipated work:

Wdiss = H ′(zτ , τ)− H ′(z0, 0)−∆F ′ , g-independent
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INCLUSIVE, EXCLUSIVE and DISSIPATED
WORK

Wdiss = W −∆F 〈e−βWdiss 〉 = 1

W ,W0,Wdiss are DISTINCT stochastic quantities

p[x ;λ] 6= p0[x ;λ] 6= pdiss [x ;λ]

They coincide for cyclic protocols λ0 = λτ

M.Campisi, P. Talkner and P. Hänggi, Phil. Trans. R. Soc. A 369, 291 (2011)
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 !! \lambda  =0 !!
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Work

Classical closed system:

w = H(z(τ), λ(τ))− H(z , λ(0))

=

∫ τ

0
dt

dH(z(t), λ(t))

dt

=

∫ τ

0
dt
∂H(z(t), λ(t))

∂λ
λ̇(t)

Note that a proper gauge must be used in order that the
Hamiltonian yields the energy.

Work characterizes a process; it comprises information from states
at distinct times. Hence it is not an observable.

The measurement of the quantum versions of power- and
energy-based work definitions requires different strategies.
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WORK IS NOT AN OBSERVABLE
P. Talkner et al. PRE 75 050102 (2007)

Work characterizes PROCESSES, not states!
(δW is not exact)

Work cannot be represented by a Hermitean operator W

W [z0;λ] −→ w = Eλτm −Eλ0
n two-measurements

Eλtn =instantaneous eigenvalue: H(λt)|ψλtn 〉 = Eλtn |ψλtn 〉



Aspects of quantum
work

Projective & generalized
measurements



1. Two energy measurements:
One at the beginning, the other at the end of the protocol yield
eigenvalues en(0) and em(τ) of H(λ(0)) and H(λ(τ)).

w e = em(τ)− en(0) =⇒ fluctuation theorems.

2. Power-based work:
Requires a continuous measurement of power.
E.g. for H(λ) = H0 + λQ, a continuous observation of the
generalized coordinate Q is required leading to a freezing of the
systems dynamics in an eigenstate of Q.

wp
N =

N∑
k=1

λ̇(tk)qαk

τ

N + 1
, Q =

∑
α

qαΠQ
α

Fluctuation theorems hold only if [H0,Q] = 0 or equivalently
[H(λ(t)),H(λ(s))] = 0 for all t, s ∈ (0, τ).
Hence the equivalence of the power- and energy-based work
definitions for classical systems fails to hold in quantum mechanics.



3. “Untouched” work:

〈w〉 =

∫
dz [H(z(t), λ(t))− H(z , λ(0))]ρ(z) valid !

〈w〉 = Tr[HH(λ(t))− H(λ(0))]ρ(0) ????????

There is no operational definition of untouched work as a proper
random variable.
With untouched work it would be possible to extract energy from
quantum correlation and in particular from entanglement in
multipartite systems.
A. Allahverdyan, Phys. Rev. E 90, 032137 (2014).
K.V. Hovhannisyan, M. Perarnau-Llobet, M. Huber, A. Aćın, Phys. Rev. Lett.
111, 240401 (2013).
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W[λ] = U†t,0[λ]H(λt)Ut,0[λ]−H(λ0)

= HH
t (λt)−H(λ0)

=

∫ t

0
dtλ̇t

∂HH
t (λt)

∂λt



projective energy
measurements



Probability of work

H(t)ϕn,λ(t) = en(t)ϕn,λ(t)

Pn(t) =
∑
λ

|ϕn,λ(t)〉〈ϕn,λ(t)|

pn = Tr Pn(t0)ρ(t0)
= probability of being at energy en(t0) at t = t0

ρn =Pn(t0)ρ(t0)Pn(t0)/pn
= state after measurement

ρn(tf ) =Utf ,t0ρnU
+
tf ,t0

p(m|n) = TrPm(tf )ρn(tf )
= conditional probability of getting to energy em(tf )



Probability of work

ptf ,t0(w) =
∑
n,m

δ(w − [em(tf )− en(t0)])p(m|n)pn



Characteristic function of work

Gtf ,t0(u) =

∫
dw e iuwptf ,t0(w)

=
∑
m,n

e iuem(tf )e−iuen(t0)TrPm(tf )Utf ,t0ρnU
+
tf ,t0

pn

=
∑
m,n

Tre iuH(tf )Pm(tf )Utf ,t0e
−iH(t0)ρnU

+
tf ,t0

pn

= Tre iuHH(tf )e−iuH(t0)ρ̄(t0)

≡ 〈e iuH(tf )e−iuH(t0)〉t0

HH(tf ) = U†tf ,t0H(tf )Utf ,t0 ,

ρ̄(t0) =
∑
n

Pn(t0)ρ(t0)Pn(t0), ρ̄(t0) = ρ(t0) ⇐⇒ [ρ(t0),H(t0)]

P. Talkner, P. Hänggi, M. Morillo, Phys. Rev. E 77, 051131 (2008)

P.Talkner, E. Lutz, P. Hänggi, Phys. Rev. E 75, 050102(R) (2007)
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Choose u = iβ

〈e−βw 〉 =

∫
dw e−βwptf ,t0(w)

= G c
tf ,t0

(iβ)

= Tre−βHH(tf )eβH(t0)Z−1(t0)e−βH(t0)

= Tre−βH(tf )/Z (t0)

= Z (tf )/Z (t0)

= e−β∆F

quantum
Jarzynski
equality





3. “Untouched” work:

〈w〉 =

∫
dz [H(z(t), λ(t))− H(z , λ(0))]ρ(z) valid !

〈w〉 = Tr[HH(λ(t))− H(λ(0))]ρ(0) ????????

There is no operational definition of untouched work as a proper
random variable.
With untouched work it would be possible to extract energy from
quantum correlation and in particular from entanglement in
multipartite systems.
A. Allahverdyan, Phys. Rev. E 90, 032137 (2014).
K.V. Hovhannisyan, M. Perarnau-Llobet, M. Huber, A. Aćın, Phys. Rev. Lett.
111, 240401 (2013).
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   !!  CLASSICAL !!



 

 

 

 

H (λ (t))                   HSYSTEM (λ (t)) + HBATH + HS-B 

 

OPEN SYSTEMS 



OPEN QUANTUM SYSTEM: WEAK
COUPLING

β

HSBHS(λt) HB H(λt) = HS(λt) +HB +HSB

%(λ0) = e−βH(λ0)/Y (λ0)

∆E = Eλτm − Eλ0
n system energy change

∆EB = EB
µ − EB

ν = −Q bath energy change

p[∆E ,Q;λ] =
∑

m,n,µ,ν

δ[∆E − Eλτm + Eλ0
n ]δ[Q + EB

µ − EB
ν ]pmµ|nν [λ]p0

nν

p[∆E ,Q;λ]

p[−∆E ,−Q; λ̃]
= eβ(∆E−Q−∆FS ) ∆FS = −β−1 ln

ZS(λτ )

ZS(λ0)

∆E = w + Q
p[w ,Q;λ]

p[−w ,−Q; λ̃]
= eβ(w−∆FS )

P. Talkner, M. Campisi, P. Hänggi, J.Stat.Mech. (2009) P02025



ρ0 = Z−1(t0)e−β(HS (t0)+HSB+HB) therm. eq. at t0

≈ ρ0
0

[
1−

∫ β

0
dβ′eβ

′(HS (t0)+HB)δHSBe−β
′(HS (t0)+HB)

]
ρ0

0 = Z−1
S (t0)Z−1

B e−β(HS (t0)+HB)

ρ̄0 =
∑
i ,α

Pi ,α(t0)ρ0Pi ,α(t0)

= ρ0
0 +O

(
(δHSB)2

)

GE ,Q
tf ,t0

(u, v) = Tre i(uH
S
H(tf )−vHB

H (tf ))e−i(uH
S (t0)−vHB)ρ0

0



Crooks theorem for energy and heat

ZS(t0)G∆E ,Q
tf ,t0

(u, v) = ZS(tf )G∆E ,Q
t0,tf (−u + iβ,−v − iβ)

ptf ,t0(∆E ,Q)

pt0,tf (−∆E ,−Q)
=

ZS(tf )

ZS(t0)
eβ(∆E−Q) = e−β(∆FS−∆E+Q)

∆E = Eλtm − Eλ0
n

Q = −∆EB = −EB
µ + EB

ν

w = ∆E − Q : work

pQ,wtf ,t0
(Q,w)

pQ,wt0,tf (−Q,−w)
= e−β(∆FS−w),

pwtf ,t0
(w)

pwt0,tf (−w)
= e−β(∆FS−w)

ptf ,t0(Q|w) = pt0,tf (−Q| − w), ptf ,t0(Q|w) =
pQ,wtf ,t0

(Q,w)

pwtf ,t0
(w)

P. Talkner, M. Campisi, and P. Hänggi, J. Stat. Mech. (2009) P02025.



ptf ,t0(w |Q)

pt0,tf (−w | − Q)
= eβQ〈e−βw |Q〉

〈eβQ〉 =
Tre−βH

S (t0)e−βH
B
H (tf )

ZS(t0)ZB

〈e−βE 〉 =
Tre−βH

S
H(tf )e−βH

B

ZS(t0)ZB

P. Talkner, M. Campisi and P. Hänggi, J. Stat. Mech. Theor. Exp. P02025

(2009).
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OPEN QUANTUM SYSTEM: STRONG
COUPLING

β

HSBHS(λt) HB H(λt) = HS(λt) + HSB + HB

w = Eλτ
m − Eλ0

n = work on total system=work on S

Y (λt) = Tre−βH(λt) = partition function of total system

ZS(λt) =
Y (λt)

ZB
6= TrSe

−βHS (λt) = partition function of S

FS(λt) = −β−1 lnZS(λt) proper free energy of open system

p[w ;λ]

p[−w ; λ̃]
=

Y (λτ )

Y (λ0)
eβw =

Z(λτ )

Z(λ0)
eβw = eβ(w−∆FS )

M. Campisi, P. Talkner, and P. Hänggi, Phys. Rev. Lett. 102 210401 (2009)



Free energy of a system strongly coupled to
an environment

Thermodynamic argument:

FS = F − F 0
B

F total system free energy
FB bare bath free energy.

With this form of free energy the three laws of thermodynamics
are fulfilled.

G.W. Ford, J.T. Lewis, R.F. O’Connell, Phys. Rev. Lett. 55, 2273 (1985);

P. Hänggi, G.L. Ingold, P. Talkner, New J. Phys. 10,115008 (2008);

G.L. Ingold, P. Hänggi, P. Talkner, Phys. Rev. E 79, 0611505 (2009).



Partition function

ZS(t) =
Y(t)

ZB

where ZB = TrBe
−βHB



Main results

ptf ,t0(w)

pt0,tf (−w)
= eβw

Y (tf )

Y (t0)
= eβw

ZS(tf )

ZS(t0)
= eβ(w−∆FS )

〈e−βw 〉 = e−β∆FS



Quantum Hamiltonian of Mean Force

ZS(t) :=
Y (t)

ZB
= TrSe

−βH∗(t)

where

H∗(t) := − 1

β
ln

TrBe
−β(HS (t)+HSB+HB)

TrBe−βHB

also
e−βH

∗(t)

ZS(t)
=

TrBe
−βH(t)

Y (t)

M. Campisi, P. Talkner, P. Hänggi, Phys. Rev. Lett. 102, 210401 (2009).
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Aspects of quantum work
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Various approaches of defining and determining work performed on a quantum system are compared. Any
operational definition of work, however, must allow for two facts: first, that work characterizes a process rather
than an instantaneous state of a system and, second, that quantum systems are sensitive to the interactions
with a measurement apparatus. We compare different measurement scenarios on the basis of the resulting
postmeasurement states and the according probabilities for finding a particular work value. In particular, we
analyze a recently proposed work meter for the case of a Gaussian pointer state and compare it with the results
obtained by two projective and, alternatively, two Gaussian measurements. In the limit of a strong effective
measurement strength the work distribution of projective two energy measurements can be recovered. In the
opposite limit the average of work becomes independent of any measurement. Yet the fluctuations about this
value diverge. The performance of the work meter is illustrated by the example of a spin in a suddenly changing
magnetic field.

DOI: 10.1103/PhysRevE.93.022131

I. INTRODUCTION

Work belongs to the most basic notions of classical
mechanics and also presents one of the cornerstones of
thermodynamics. With the recent experimental progress in the
fields of cold atoms [1], nanomechanics, and optomechanics
[2,3] to name just a few, there is an urgent need of a theoretical
foundation of what work means in quantum mechanics and
how it can be defined in an operational way.

One reason why work does not simply fall into the category
of observables like position, linear and angular momentum,
and energy comes from the fact that it is meant to characterize
a process rather than an instantaneous state of a system [4].
Even in the simple case of a thermally isolated system the
determination of work requires an interference of the system
with a measurement device at two times. For a classical system,
the interaction between the system and the measurement
device can be made arbitrarily weak and, hence, the back-
action can be arbitrarily small, without implying a principle
limitation of the precision of the measurement. However, for a
quantum systems, the back-action of the measurement device
modifies the state of the system; it consequently influences
the outcome of a subsequent contact, therefore influencing the
final value of the work [5].

The paper is organized as follows. In Sec. II we survey
various definitions of work that classically are equivalent to
each other. We review in more detail the operational definition
in terms of two projective energy measurements in Sec. III. In
Sec. IV we discuss a Gaussian energy measurement scheme
which then is employed in a two Gaussian energy measurement
device. A recently proposed approach to determine work
by a single, necessarily generalized measurement [6,7] is
discussed in Sec.V for a Gaussian pointer. A work meter that
functions in that way operates with a precision determined
by a parameter combining the strength of the measurement
and the covariance matrix of the Gaussian initial pointer state.
Implementing a high precision the result of two projective
energy measurements is recovered while the use of low

precision leads to broad distributions yet with a finite average.
A spin in a suddenly changing magnetic field serves as an
example in Sec. VI. Section VII concludes the paper.

II. CLASSICALLY EQUIVALENT DEFINITIONS
OF WORK AND THEIR NONEQUIVALENT

QUANTUM COUNTERPARTS

Restricting ourselves to thermally isolated systems we
begin with the discussion of work in classical systems.
When a classical system stays at a phase space point z its
energy is determined by the value of a conveniently chosen
Hamiltonian H (z,λ) [8] which also governs the dynamics of
the system. A change of the parameter λ according to a protocol
� = {λ(t)|0 � t � τ } alters the energy and hence work will
be applied to or taken from the system. We shall adopt the
inclusive definition of work [9] according to which the work
is given by the energy difference at the end and the beginning
of the force protocol:

w = H (Z(τ,z0),λ(τ )) − H (z0,λ(0)) (1)

with Z(t,z0) being the phase space point that evolves from
Z(0,z0) = z0 according to the Hamiltonian dynamics Ż =
{H (Z,λ(t)),Z}P where {,}P denotes the Poisson bracket. As
already mentioned, within the time range [0,τ ] the parameter
λ(t) changes according to a prescribed protocol �. For
classical systems an equivalent definition of work is based
on the fact that the energy difference can be expressed as an
integral of the total time derivative of the Hamiltonian, which
coincides with the respective partial derivative yielding the
work as an integral of the supplied power, i.e.,

w =
∫

dt
∂H [Z(t,z0,λ(t)]

∂λ(t)
λ̇(t), (2)

where λ̇(t) denotes the time derivative of the force parameter
λ(t).

Any adaptation of the two work definitions (1) and (2) to
quantum systems must take into account the back-actions of

2470-0045/2016/93(2)/022131(11) 022131-1 ©2016 American Physical Society

http://dx.doi.org/10.1103/PhysRevE.93.022131
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generalized energy
measurements



Generalized energy measurements
Positive operator valued measures (POVM) as generalized
measurements

projective POVM

Πn Mn, M
†
n measurement operators∑

n ΠnρΠn
∑

n MnρM
†
n ρpm: unselectice pm state

TrΠnρΠn TrMnρM
†
n pn = Prob(n in ρ)

ΠnρΠn/pn ρn = MnρM
†
n/pn ρn: selective pm state∑

n Πn = 1
∑

n M
†
nMn = 1 normalization

measurement error:

p(n|m) = TrMnΠmM
†
n/TrΠm = TrM†nMnΠm/TrΠm

A measurement is error-free if

p(n|m) = δn,m
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It implies that:
  M_n =  |\psi_n><n| ,
  with  <\psi_n|\psi_n> = 1;
differen |\psi_n> need not be othogonal



Generalized measurements
In QM the measurement of an observable A in a state ρ
(i) assigns to A a real value a with probability pa

(ii) transforms the state ρ of the system at the instant before the
measurement to a new state after the measurement:

ρpm
a = φa(ρ)/pa

The measurement operation φa : TC (H)→ TC (H) is a linear,
positive and contractive map.
Hence it can be represented as (K. Kraus, States, Effects and Operators, Springer 1983)

φa(ρ) =
∑
α

Ma
αρM

a†
α , Ma

α ∈ B(H) : Kraus operators

pa = Trφa(ρ) : probability to find a

ρ(t+) =
∑

a

ρpm
a pa =

∑
a

φa(ρ(t)) : non-selective pm state
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Generalized measurement of work

Work is not an observable, hence it cannot be measured by a
projective measurement but by a generalized measurement.
Based on two projective energy measurements the measurement of
work w is determined by the operation

φw (ρ(0)) =
∑
m,n

δ(w−em(τ)+en(0))Πm(τ)UΛΠn(0)ρ(0)Πn(0)U†ΛΠm(τ)

Non-selective post-measurement state

ρ(0+) =
∑
m,n

Πm(τ)UΛΠn(0)ρ(0)Πn(0)U†ΛΠm(τ)
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Work statistics with generalized measurements

Λ = {λ(t)|0 ≤ t ≤ τ}, H(λ(t)) =
∑

n en(t)Πn(t)

When the state of the system is inquired with measurement
operators Mn(t), the joint probability of finding initially n and at
the end of the protocol m is given by

pΛ(m, n) = TrMm(τ)U(Λ)Mn(0)ρ(0)ΛM
†
n(0)U†(Λ)M†m(τ)

The pdf of work:

pΛ(w) =
∑
n,m

δ(w − em(τ) + en(0))pΛ(m, n)

The characteristic function:

GΛ(u) = Z−1(0)TrU†(Λ)Q(u, τ)U(Λ)R(u, 0)

hanggi
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GΛ(u) = Z−1(0)TrU†(Λ)Q(u, τ)U(Λ)R(u, 0)

Q(u, t) =
∑
m

e iuem(t)M†m(t)Mm(t)

R(u, t) =
∑
n

e−iuen(t)Mn(t)e−βH(λ(t))M†n(t)

The Crooks relation holds iff

TrU†(Λ)Q(u, τ)U(Λ)R(u, 0) = TrU†(Λ)R(−u + iβ)U(Λ)Q(−u + iβ, 0)

Condition on the measurement operators Mn(t), t = 0, τ .
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Universal measurements
A universal energy measurement operator Mn(t) identifies the
eigenstate |n, t〉 of H(λ(t)), t = 0, τ . Further, it is independent of

(i) the protocol Λ
(ii) eigenvalues ek(0) and ek(τ)
(iii) the inverse temperature β

Choose as protocol:

H(λ(0))
suddenly at t=0+

=⇒ Gη/τ
suddenly at t=τ−

=⇒ H(λ(τ))

G : arbitrary Hamiltonian, η ≥ 0,
then U(Λ) = e−iGη/~ can become any unitary operator.

TrU†(Λ)Q(u, τ)U(Λ)R(u, 0)=TrU†(Λ)R(−u + iβ, τ)U(Λ)Q(−u + iβ, 0)

for all unitary U(Λ) implies for universal measurements (i)

Q(u, t) = R(−u + iβ, t) t = 0, τ
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∑
m

e iuem(t)

M†m(t)Mm(t)−
∑
k

eβ(em(t)−ek (t))

∝ δm,k because of (iii)︷ ︸︸ ︷
Mm(t)Πk(t)M†m(t)


︸ ︷︷ ︸

=0 because of (ii)

= 0

hence, (a) for m 6= k

p(m|k) = TrMm(t)ΠkM
†
m = 0

therefore Mn(t) is an error-free measurement and thus
Mn(t) = |ψn(t)〉〈n; t|. (b) the m = k terms yield

M†m(t)Mm(t)︸ ︷︷ ︸
|m;t〉〈ψm(t)|ψm(t)〉〈m;t|

= Mm(t)Πm(t)M†m(t)︸ ︷︷ ︸
|ψm(t)〉〈m;t|m;t〉〈ψm(t)

yields |ψn(t)〉 = |n; t〉 and hence

Mn(t) = Πn(t) , t = 0, τ

The Crooks relation holds for universal energy measurement
operators only if they are projective.
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Quantum Jarzynski equality

The Jarzynski equality holds for systems with infinite-dimensional
Hilbert space and for universal measurement operators iff

(i) Mn(0) is error-free (p(n′|n) = δn′,n), Mn(0) = |ψn(0)〉〈n; 0|
(ii) {|ψn(0)〉} form a complete orthonormal basis, i.e.
〈ψn(0)|ψk(0)〉 = δn,k and

∑
n |ψn〉〈ψn| = 1

(iii) TrM†m(τ)Mm(τ) = 1

P. Hänggi and P. Talkner, Nature Phys. 11, 108 (2015).
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Measurements during the protocol

Measurements of arbitrary observables during the force protocol
lead to modified work distributions which still obey the Crooks
relation as long as the corresponding measurement operators M̃x of
the time reversed process are determined by the time-reversed
adjoint measurement operators Mx forward process.

M̃x = θM†xθ
†

This implies that the measurement operators generate unital maps,∑
x

MxM
†
x = 1

which also is necessary and sufficient for the Jarzynski equality to
hold.
M. Campisi, P. Talkner, P. Hänggi, Phys. Rev. Lett. 102, 210401 (2009).

G. Watanabe, B.P. Venkatesh, P. Talkner, M.Campisi, P. Hänggi, Phys. Rev. E

89, 032114 (2014).
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Continuous energy measurements
Gaussian energy measurement

ME (t) =
1

(2πµ2)1/4
exp

(
1

4µ2
(H(λ(t))− E )2

)
M†E (t) = ME (t)

Gaussian failure distribution:

pt(E |n) = TrM2
E (t)Πn(t)

=
1√

2πµ2
exp

(
1

2µ2
(en(t)− E )2

)
with variance µ2 which is independent of n.
Pdf to find the energy E ′ at the end of the protocol Λ conditioned
on E in the beginning

PΛ(E ′|E ) = TrM2
E ′(τ)U(Λ)ME (0)ρΛME (0)U†(Λ)
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von Neumann model of generalized energy
measurement

ρ⊗ σ: initial state of system and pointer
V = e−iκHP/~: system-pointer interaction
H =

∑
n εnΠn: system Hamiltonian

P: pointer-momentum, conjugate to
pointer-position X
M: projective measurement of the pointer-
position X

φx (ρ) = TrPQxV ρ⊗ σV † operation

=
∑
n,n′

σ(x − κen, x − κen′)ΠnρΠn′

σ(x , y) = 〈x |σ|y〉
ρx = φx (ρ)/p(1)(x) post-measurement state

p(1)(x) = TrSφx (ρ) pdf to measure x

=
∑

n

σ(x − κen, x − κen)TrS Πnρ
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Work operation and pdf

Φ
(2)
w (ρ(0)) =

∫
dEΦ

(τ)
E+w (UΛΦ

(0)
E (ρ(0))U†Λ)

=
1√

4πσ2
e

∑
m,m′

n,n′

e
− 1

2σ2
nd

[(em(τ)−em′ (τ))2+(en(0)−em(0))2]

× e
− 1

4σ2
e

[
w− 1

2
(wm,n+wm′,n′ )+i 〈{X ,P}〉

2~ (wm,n−wm′,n′ )
]2

× Πm(τ)UΛΠn(0)ρΠn′(0)U†ΛΠm′(τ)

p
(2)
Λ (w) =

1√
4πσ2

e

∑
m

n,n′

e
− 1

2σ2
nd

[en(0)−en′ (0)]2

× e
− 1

4σ2
e

[
w− 1

2
(wm,n+wm,n′ )−i 〈{X ,P}〉

2~ (en(0)−en′ (0))
]2

pΛ(m, n, n′)

wm,n = em(τ)− en(0)

pλ(m, n, n′) = TrΠm(τ)UΛΠn(0)ρ(0)Πn′(0)U†ΛΠm(τ)
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Work meter

Device proposed by De Chiara, Roncaglia and Paz, (New J. Phys.
17, 035004 (2015)) gives work by a single measurement.

V †0 = e iκH(λ(0))P/~

Vτ = e−iκH(λ(τ))P/~

P: momentum conjugate to the pointer-position X =
∫
dx x Qx ,

Qx = |x〉〈x |.

φwm
x (ρ(0)) = TrPQxVτUΛV

†
0 ρ(0)⊗ σV0U

†
ΛV
†
τ

=
∑
m,m′

n,n′

σ0(x − κwm,n, x − κwm,n′)Πm(τ)UΛΠn(0)ρ(0)Πn′

σ0(x , y) = 〈x |σ0|y〉 , wm,n = em(τ)− en(0)
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Gaussian work meter

For a Gaussian pointer and the calibration x = κw we obtain

Φwm
w (ρ(0)) =

1√
2πσ2

e

∑
m,m′

n,n′

e
− 1

2σ2
nd

[wm,n−wm′,n′ ]
2

× e
− 1

2σ2
e

[
w− 1

2
(wm,n+wm′,n′ )+i 〈{X ,P}〉

2~ (wm,n−wm′,n′ )
]2

× Πm(τ)UΛΠn(0)ρ(0)Πn′(0)U†ΛΠm′(τ)

pwm
Λ (w) =

1√
2πσ2

e

∑
m

n,n′

e
− 1

2σ2
nd

[en(0)−en′ (0)]2

× e
− 1

2σ2
e

[
w− 1

2
(wm,n+wm,n′ )−i 〈{X ,P}〉

2~ (en(0)−en′ (0))
]2

pΛ(m, n, n′)
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(2) accurate measurement: σ2
e → 0

pwm
Λ (w) =

∑
m

n,n′

e
− 1

2σ2nd
[en(0)−en′ (0)]2︸ ︷︷ ︸

→ δn,n′ for σ2
e→0

× 1√
2πσ2

e

e
− 1

2σ2
e

[
w−em(τ)+ 1

2
(en(0)+en′ (0))−i 〈{X ,P}〉

2~ (en(0)−en′ (0))
]2

︸ ︷︷ ︸
→δ(w−em(τ)+en(0)) for σ2

e→0

× pΛ(m, n, n′)

With σ2
e = 〈X 2〉

κ2 → 0 also σ2
nd = ~2

κ2〈P2〉 → 0; hence non-diagonal

contributions with n 6= n′ are suppressed and the remaining
Gaussian weights approach delta-functions.

ppointer
Λ (w)→ pΛ(w) for σ2

e → 0
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(3) weak measurement σ2
nd →∞

pwm
Λ (w) =

∑
m

n,n′

1√
2πσ2

e

e
− 1

2σ2
nd

[en(0)−en′ (0)]2︸ ︷︷ ︸
→ 1 for σ2

nd→∞

× e
− 1

2σ2
e

[
w− 1

2
(wm,n+wm,n′ )−i 〈{X ,P}〉

2~ (en(0)−en′ (0))
]2

pΛ(m, n, n′)

with σ2
nd = ~2

κ2〈P2〉 →∞ also σ2
e = 〈X 2〉

κ2 →∞. In this limit

pwm
Λ (w) becomes Gaussian with mean value

〈W 〉weak = TrH(λ(τ)UΛρ(0)U†Λ − TrH(λ(0))ρ(0)

and diverging variance σ2
e .

In contrast, in the accurate limit one obtains

〈W 〉 =
∑

n

TrH(λ(τ)UΛΠn(0)ρ(0)Πn(0)U†Λ − TrH(λ(0))ρ(0)
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hänggi
Notiz
Wheeler-DeWitt  equation
!! Time plays NO ROLE !!



Conclusions

I Generalized energy measurements lead to work distributions
which typically do not satisfy the Crooks relation relations.

I Exceptions are error-free measurements protocol-dependent
post-measurement satisfying a detailed balance relation

I Imposing only the JE poses a weaker requirement: 1st set of
measurements must be error-free with a complete orthogonal
set of post-measurement states and second measurements
must have with “effects” M†n(0)Mn(0) having unit trace.

I Continuous measurements with Gaussian measurement
operators and constant variance obey modified fluctuation
relations with protocol-independent modifications.

I Fluctuation relations continue to hold in presence of
measurements during the force protocol under mild conditions
on the measurement operators.
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Conclusions
I Power-based work measurements do not yield meaningful

results for quantum systems.

I For projective measurements the Crooks relation follows from
generalized detailed balance which holds if (i) the initial state
has Boltzmann-type diagonal matrix elements with respect to
the eigen-basis of the initial Hamiltonian and (ii) the
time-dependent Hamiltonian is time reversal invariant.

I Continuous measurements with Gaussian measurement
operators and constant variance obey modified fluctuation
relations with protocol-independent modifications.

I For a Gaussian pointer the De-Chiara-Roncaglia-Paz
“work-meter” yields qualitatively same results as with a two
Gaussian energy measurements but has higher precision.
In the limit of accurate measurements it yields the results of
projective energy measurements.
In the weak limit it yields the average of “untouched” work,
however, with divergent fluctuations.

hänggi
Hervorheben

hänggi
Hervorheben

hänggi
Hervorheben

hänggi
Hervorheben





For non-degenerate energies, Πn = |n〉〈n|

Mn =
∑
k,l

gn
k,l |k〉〈l |

with

p(n|m) =
∑
n,k

|gk,m|2

Mn error-free:

Mn = |ψn〉〈n|
where |ψn〉 is a pure post-measurement state. {|ψn〉} need neither
be orthogonal w.r.t. to different n, nor complete.

B.P. Venkatesh, G. Watanabe, P. Talkner, New J. Phys. 16, 015032 (2014).
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Work operation and pdf

Φ
(2)
w (ρ(0)) =

∫
dEΦ

(τ)
E+w (UΛΦ

(0)
E (ρ(0))U†Λ)

=
1√

4πσ2
e

∑
m,m′

n,n′

e
− 1

2σ2
nd

[(em(τ)−em′ (τ))2+(en(0)−em(0))2]

× e
− 1

4σ2
e

[
w− 1

2
(wm,n+wm′,n′ )+i 〈{X ,P}〉

2~ (wm,n−wm′,n′ )
]2

× Πm(τ)UΛΠn(0)ρΠn′(0)U†ΛΠm′(τ)

p
(2)
Λ (w) =

1√
4πσ2

e

∑
m

n,n′

e
− 1

2σ2
nd

[en(0)−en′ (0)]2

× e
− 1

4σ2
e

[
w− 1

2
(wm,n+wm,n′ )−i 〈{X ,P}〉

2~ (en(0)−en′ (0))
]2

pΛ(m, n, n′)

wm,n = em(τ)− en(0)

pλ(m, n, n′) = TrΠm(τ)UΛΠn(0)ρ(0)Πn′(0)U†ΛΠm(τ)
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